ABSTRACT. We introduce hom-Lie-Rinehart algebras as an algebraic analogue of hom-Lie algebroids, and systematically describe a cohomology complex by considering coefficient modules. We define the notion of extensions for hom-Lie-Rinehart algebras. In the sequel, we deduce a characterisation of low dimensional cohomology spaces in terms of the group of automorphisms of certain abelian extension and the equivalence classes of those abelian extensions in the category of hom-Lie-Rinehart algebras, respectively. We also construct a canonical example of hom-Lie-Rinehart algebra associated to a given Poisson algebra and an automorphism.
INTRODUCTION
The notion of Lie-Rinehart algebra plays an important role in many branches of mathematics. The idea of this notion goes back to the work of N. Jacobson to study certain field extensions. It is also appeared in some different names in several areas which includes differential geometry and differential Galois theory. In [15] , K. Mackenzie provided a list of fourteen different terms mentioned for this notion. Here we follow the term Lie-Rinehart algebra, which is due to J. Huebschmann. He viewed Lie-Rinehart algebras as an algebraic counterpart of Lie algebroids defined over smooth manifolds. His work on several aspects of this algebra is developed systematically through a series of articles namely [9] [10] [11] [12] .
There is a growing interest in twisted algebraic structures or hom-algebraic structures defined for classical algebras and Lie algebroids as well. In the following years, by considering a vector space and an endomorphism of it, the corresponding hom-algebraic structures are introduced for various classical algebras. The first appearance of hom-algebra was the notion of hom-Lie algebra, in the context of some particular deformation called q-deformations of Witt and Virasoro algebra of vector fields. The work of J. Hartwig, D. Larsson and S. Silvestrov defined the notion of hom-Lie algebras to describe the q-deformations using σ-derivations in place of usual derivation ( [7] ). In the sequel, many concepts and properties have been extended to this framework of hom-structures. The study of hom-associative algebras, hom-Poisson algebras, Non-commutative hom-Poisson algebras, hom-Leibniz algebras and most of the results analogous to the classical algebras followed in the works of J. Hartwig, D. Larsson, A. Makhlouf, S. Silvestrov, D. Yau and other authors ( [7] , [19] , [16] , [23] , [1] , [17] ). Moreover, O. Elchinger introduced the quantization of Hom-Poisson structures in his thesis [4] .
C. Laurent-Gengoux and J. Teles introduced hom-Lie algebroid in [14] , where they also mentioned that the definition is not very straightforward to figure out from the classical notion of Lie algebroids so that the corresponding hom-version can be described in a systematic manner. First, they follow the classical case, one-to-one correspondence between Lie algebroids structures on a vector bundle A over a smooth manifold M and Gerstenhaber algebras structures on the exterior algebra of multisections Γ(∧ * A). This makes natural the idea of defining hom-Lie algebroids through a formulation of hom-Gerstenhaber algebra. On the other hand, there are canonically defined adjoint functors between the category of Lie-Rinehart algebras and the category of Gerstenhaber algebras (see [6] for details).
In this paper, we define hom-Lie-Rinehart algebras as an algebraic analogue of hom-Lie algebroids, and prove that there are canonical adjoint functors between the category of hom-Gerstenhaber algebras and the category of hom-Lie-Rinehart algebras. We consider modules over a hom-LieRinehart algebra and also describe a cohomology complex by considering coefficient modules. We define extensions of hom-Lie-Rinehart algebras and show the correspondence with lower dimensional cohomology spaces as one can expect (in an analogy with the classical algebras). This discussion not only provides a notion of cohomology and its interpretation for a more generalised notion of hom-Lie-Rinehart algebras but also it shed light on important special cases like hom-Lie algebras, Lie-Rinehart algebras, hom-Lie algebroids and hom-Gerstenhaber algebras. For instance, by considering hom-Lie algebra in the category of hom-Lie-Rinehart algebras one can view the deformation cohomology of hom-Lie algebras ( [17] ), deduce the correspondence with low dimensional cohomology spaces and certain class of extensions. Also, the cohomology for Lie-Rinehart algebras and the characterisation of extensions can also be deduced to the one already present in the existing literature [9] . Algebraic properties of the left modules over homLie-Rinehart algebra motivates the definition of a representation of a hom-Lie algebroid, which is a generalization of the known representation for Lie algebroids. A canonical hom-Gerstenhaber algebra structure associated to a hom-Lie algebra is given in [14] (for details see Example 2.17 in the next section). If we use the boundary operator of a hom-Lie algebra complex with trivial coefficients defined in [23] , then we find that this operator generates the hom-Gerstenhaber bracket given in the Example 2.17. Therefore it motivates the formulation of an exact hom-Gerstenhaber algebras or hom-Batalin-Vilkovisky algebras.
The paper is organized as follows: In Section 2, we recall some preliminaries on hom-algebras and fix notations which we follow in the later part of the paper. We define homomorphisms of hom-Gerstenhaber algebras to form the category of hom-Gerstenhaber algebras. In Section 3, we introduce the notion of hom-Lie-Rinehart algebras and present various natural examples of this notion. This includes some of those examples are arising from the hom-structures known in the literature. Next we consider homomorphisms in order to form the category of hom-Lie-Rinehart algebras. In a sequel, we show that there are canonically defined adjoint functors from the category of hom-Lie-Rinehart algebras to the category of hom-Gerstenhaber algebras. The notion of a module for a hom-Lie-Rinehart algebra appeared in Section 4, and subsequently we introduce a cochain complex and cohomology of a hom-Lie-Rinehart algebra with coefficients in a module. In Section 5, we consider extensions of a hom-Lie-Rinehart algebras and characterise the first and second cohomology spaces in terms of the group of automorphisms of an A-split abelian extension and the equivalence classes of A-split abelian extensions in the category of hom-Lie Rinehart algebras, respectively. Furthermore, central extensions of a hom-Lie-Rinehart algebra are also defined. In Section 6, we describe Hom-Lie-Rinehart algebras canonically associated with a given Poisson algebra equipped with a Poisson algebra automorphism. In the last section we present a discussion of some special cases which also shows the wide interests and further application of hom-Lie-Rinehart algebras.
PRELIMINARIES ON HOM-ALGEBRAS
In this section, we shall recall basic definitions concerning hom-algebra structure from the literature ( [1, 7, 16, 17, 19, 23] ) in order to fix notation and terminology will be needed throughout the paper.
Let R denote a commutative ring with unity and Z + be the set of all non-negative integers. We will consider all modules, algebras and their tensor products over such a ring R and all linear maps to be R-linear unless otherwise stated. 
Definition 2.3. A representation of a hom-Lie algebra
for all x, y ∈ g.
Example 2.4. For any integer s, we can define the α s -adjoint representation of the regular hom-Lie algebra
(g, [−, −], α) on g by (ad s , α), where ad s (g)(h) = [α s (g), h] for all g, h ∈ g.
Definition 2.5. A graded hom-Lie algebra is a triplet
of degree 0 such that the following graded version of hom-Jacobi identity holds; ( 
are Gerstenhaber algebras, then a 0-degree R-linear map Θ : A → B is a homomorphism of Gerstenhaber algebras if it satisfies:
We denote simply by GR, the category of Gerstenhaber algebras and the Gerstenhaber algebra homomorphisms.
Recall that a Lie algebroid on a smooth manifold M is a vector bundle A over a smooth manifold M with a vector bundle map ρ : A → T M called the anchor map, and a bilinear map denoted by the bracket
Let Γ(∧ * A) denote the algebra of multi-sections with standard wedge product. Then there is a one-to-one correspondence between Lie algebroid structures on A and Gerstenhaber algebra structures on Γ(∧ * A), where the graded associative commutative algebra structure on Γ(∧ * A) is given by the standard wedge product.
Let A be an associative commutative R-algebra and Der(A) denote the space of R-derivations of the algebra A . Then Der(A) is simultaneously an A-module and a Lie algebra with the commutator bracket.
Definition 2.9.
A Lie-Rinehart algebra L over ( an associative commutative R-algebra ) A is a Lie algebra over R with an A-module structure and a R-module homomorphism ρ : L → Der(A), such that ρ is simultaneously an A-module homomorphism and a Lie R-algebra homomorphism and
Let A and B be associative commutative R-algebras. Suppose L and L ′ are Lie-Rinehart algebras over A and B, respectively. Then a pair of maps (g, f ) is a homomorphism of the Lie-Rinehart algebras L and L ′ if g : A → B is an algebra homomorphism and f : L → L ′ is an R-module homomorphism such that following compatibility conditions hold.
We will denote by LR the category of Lie-Rinehart algebras and the Lie-Rinehart algebra homomorphisms . 
Let us denote by Der φ (A) the set of φ-derivations. (
The following hom-Leibniz identity holds: 
where
for all x 1 , · · · , x n , y 1 , · · · , y m ∈ g and
See [14] for further details.
are hom-Gerstenhaber algebras, then a 0-degree R-linear map Θ : A → B is a homomorphism of hom-Gerstenhaber algebras if it satisfies following conditions.
Denote the category of hom-Gerstenhaber algebras by hGR.
In Theorem 4.4, [14] , it is proved that there is a one-to-one correspondence between hom-Lie algebroid structures on a vector bundle A over a smooth manifold M and hom-Gerstenhaber algebra structures on the graded vector space Γ(∧ * A), where the graded associative commutative algebra structure on Γ(∧ * A) is given by wedge product.
HOM-LIE-RINEHART ALGEBRA
In this section, we introduce the notion of hom-Lie-Rinehart algebras as an algebraic analogue of hom-Lie algebroid defined. In a sequel, we define homomorphisms of these algebras to form a category, and we show that there are canonically defined adjoint functors between this category and the category of hom-Gerstenhaber algebras.
Let R be a commutative ring with unity, A be an associative commutative R-algebra, and φ : A → A be an algebra endomorphism. We will consider A-module action to be faithful. In the definition of a Lie-Rinehart algebra L over A, we need to consider the Lie algebra Der(A) of derivations on A. Here, we will consider the space of φ-derivations (Definition 2.11) to define a hom-Lie-Rinehart algebra over the pair (A, φ).
Definition 3.1. A hom-Lie Rinehart algebra over
, and the R-linear map ρ : L → Der φ A are such that following conditions hold.
A hom-Lie-Rinehart algebra (A, L, [−, −], φ, α, ρ) is said to be regular if the map φ : A → A is an algebra automorphism and α : L → L is a bijective map.
Example 3.2. A Lie-Rinehart algebra L over A with the Lie bracket
If we consider the map α = Id L in the above definition, then a hom-Lie-Rinehart algebra is a Lie-Rinehart algebra. In fact, α = Id L forces φ = Id A , because of the identity: α(a.x) = φ(a).(α(x)) for all a ∈ A, x ∈ L and the fact that the action of A on L is faithful. 
Also, the linear map α φ : Der φ A → Der φ A is defined as
Furthermore, the space of φ-derivations Der φ A is an A-module (action defined using algebra multiplication in A) satisfying following identities:
In turn it follows that the tuple
where the anchor map ρ = α φ .
Example 3.6. If we consider a Lie-Rinehart algebra L over A along with an endomorphism
(φ, α) : (A, L) → (A, L)
in the category of Lie-Rinehart algebras then we get a hom-Lie-
Note that the following conditions are satisfied.
for all x, y ∈ L, a ∈ A. 
Note that in general, transformation hom-Lie-Rinehart algebras are not obtained by composition.
(1) the bracket is given by
for all l, l 1 , l 2 ∈ L, m, m 1 , m 2 ∈ M , and a ∈ A. The above structure gives the categorical product in the category hLR φ A . Note that cartesian product is not the product in this category as expected from the case of Lie-Rinehart algebras [3] . 
α). Later we will see that for a given hom-Gerstenhaber algebra (
In other words, given any Gerstenhaber algebra and an endomorphism of the Gerstenhaber algebra, we have a canonical hom-Lie-Rinehart algebra.
Next we define homomorphisms of hom-Lie-Rinehart algebras. (g, f ) , where the map g : A → B is a R-algebra homomorphism and f : L 1 → L 2 is a R-linear map such that following identities hold:
then a hom-Lie-Rinehart algebra homomorphism is defined as a pair of maps
Hom-Lie-Rinehart algebras with homomorphisms form a category of hom-Lie-Rinehart algebras, which we by hLR. If α L = Id L and α L ′ = Id L ′ (which in turn give φ = Id A and ψ = Id B .), then the above hom-Lie Rinehart algebras are the usual Lie-Rinehart algebras and the homomorphism of the hom-Lie Rinehart algebras is the usual homomorphism in category of Lie-Rinehart algebras. In fact, the category of Lie-Rinehart algebras is a full subcategory of the category of hom-Lie-Rinehart algebras. 
Hom-Gerstenhaber algebras and hom-Lie -Rinehart algebras. Given a hom-Gerstenhaber algebra (
, we have the following identities for the pair (A 0 , A 1 ) of Rmodules:
(1) A 0 is a commutative R-algebra and there is an A 0 -module action on A 1 , where commutative product is given by ∧ : A 0 ⊗ A 0 → A 0 and action is given by ∧ : A 0 ⊗ A 1 → A 1 .(using the fact that ∧ is a graded commutative product on A.)
Here, hom-Jacobi identity follows from graded hom-Jacobi identity for the graded bracket
Here we are using the graded hom-Jacobi identity and the fact that
Thus we have a hom-Lie-Rinehart algebra
(The definition of ρ makes sense because of the identity (3). Also by identity (4), we have ρ(ax)(b) = φ(a)ρ(x)(b) for all a, b ∈ A 0 , x ∈ A 1 .)
Furthermore, it follows that there is a functor 
and
and by
where 
A L(extension of the map is similar to the extension of α G from α). Now, from the definition of homomorphisms in the categories hGR and hLR, for every pair of (L, α) ∈ hLR and A ∈ hGR it follows that
Moreover the bijection is functorial in (L, α) ∈ hLR and A ∈ hGR. In fact, for every morphism f : (L, α) → (L ′ , α ′ ) and g : A → A ′ , by considering g * and f * as the respective induced maps, we have the following commutative diagram:
Consequently, G : hLR → hGR is left adjoint to the functor F : hGR → hLR.
Remark 3.13. Here, we have considered the hom-Lie algebroids defined in [14] to define the algebraic counterpart as hom-Lie-Rinehart algebras. There is a modified definition of hom-Lie algebroids appeared in [2] . But, if we follow this modified definition then the one-to-one correspondence in Theorem 3.12 will not be available any more.
COHOMOLOGY OF HOM-LIE-RINEHART ALGEBRA
We now define cohomology of a hom-Lie-Rinehart algebra. First we define the notion of (left-) module over a hom-Lie-Rinehart algebra.
4.1.
Modules over hom-Lie-Rinehart algebras. Let A be an associative and commutative Ralgebra and φ be an algebra automorphism of A and (L, α) be a hom-Lie-Rinehart algebra over (A, φ). (1) There is a map θ : L ⊗ M → M , such that the pair (θ, β) is a representation of the hom-Lie algebra
If we consider α = Id L and β = Id M , then (L, α) is a Lie-Rinehart algebra and M is a left Lie-Rinehart algebra module over the Lie-Rinehart algebra L. 
4.2.
Cochain complex of a Hom-Lie Rinehart algebra. Let (L, α) be a hom-Lie Rinehart algebra over (A, φ) and (M, β) be a module over (L, α). We consider the Z + -graded space of R-modules
Define the R-linear maps δ :
for all f ∈ C n (L; M ), x i ∈ L, where 1 ≤ i ≤ n + 1. Here we follow these notations and deduce next that the map δ gives rise to a coboundary map.
Proof. First, we need to check that δf (α(
We will use the fact that f • α = β • f and {α(x), β(m)} = β{x, m} (as
Also, we need to check the expression δf (
for all x i ∈ L, 1 ≤ i ≤ n + 1 and a ∈ A. But it follows from the simple calculation and using the fact that
Further, δ 2 = 0 follows from the direct but a long calculation.
By the above proposition, (C * (L, M ), δ) is a cochain complex. The resulting cohomology of the cochain complex we define to be the cohomology space of hom-Lie-Rinehart algebra (L, α) with coefficients in (M, β), and we denote this cohomology as H * hLR (L, M ). We will use this cohomology in the next section when we consider extensions of a hom-LieRinehart algebras. 
EXTENSIONS OF HOM-LIE-RINEHART ALGEBRAS
In this section, we introduce extensions of a hom-Lie-Rinehart algebra and we follow the same notations as in previous sections. First note that the category hLR φ A does not have zero object. Thus, by a short exact sequence written as
Definition 5.1. A short exact sequence in the category
is called an extension of the hom-Lie-Rinehart algebra (L, α) by the hom-Lie-Rinehart algebra (L ′′ , α ′′ ).
Here, anchor map of the hom-Lie-Rinehart algebra
An extension of hom-Lie-Rinehart algebra (L, α) is said to be A-split if we have an A-module
for each a ∈ A, x ∈ L. Furthermore, if the section τ for the map σ is a homomorphism of homLie-Rinehart algebras, then this extension is said to be split in the category of hom-Lie-Rinehart algebras. 
In the above definition, condition (1) and
is a hom-Lie algebra and it is the semi-direct product of (L, [−, −] 1 , α) and (M, [−, −] 2 , β) in the category of hom-Lie R-algebras. Also there is an A-module structure on
In particular, if φ = id A , β = id M , and α = id L , then we have (i) the action defined above is an action of a Lie-Rinehart algebra L (over A) on a Lie A-algebra M and (ii) the semi direct product of L and M in category of Lie R-algebras gives a Lie-Rinehart algebra over A ( for details see Section 2, [3] ).
Note that if [−, −] M = 0, then Definition 4.1 becomes a particular case of the above definition since any hom-Lie-Rinehart algebra module (M, β) is a hom-Lie-Rinehart algebra over (A, φ) (with a trivial bracket and a trivial action on A).
Remark 5.3. Not every extension of a hom-Lie-Rinehart algebra is A-split. Assume that L is a projective A-module, then we have an
is split in the category hLR φ A . Thus, it is also an A-split extension of (L, α).
Abelian Extensions:
In this subsection, we will define an abelian extension of a hom-LieRinehart algebra by a module in the category hLR 
Next, we will show that the second cohomology space H 2 hLR (L, M ) of a hom-Lie-Rinehart algebra (L, α) with coefficients in (M, β) classifies A-split abelian extensions of (L, α) by (M, β).
This result generalises the well-known classification theorems for the classical cases of a Lie algebras [8] and Lie-Rinehart algebras [9] .
Theorem 5.5. There is a one-to-one correspondence between the equivalence classes of A-split abelian extensions of a hom-Lie-Rinehart algebra (L, α) by (M, β) and the cohomology classes in H
, where the structure constraints are given as follows:
Suppose we take an another representative f ′ of the cohomology class [f ] ∈ H 2 hLR (L, M ) and get an extension (L ′′ , α ′′ ) as above. Since f and f ′ represent the same cohomology class
) gives an isomorphism of the above extensions obtained by using f and f ′ respectively. Thus for a cohomology class in H 2 hLR (L, M ) there is a unique equivalence class of A-split abelian extensions of (L, α) by (M, β).
Conversely, let (M, β)
be an A-split abelian extension of the hom-Lie-Rinehart algebra (L, α) by (M, β). We will first show that we can define a 2-cocycle in C 2 (L, M ) which is independent of a section for the map σ.
First, we fix a section τ : L → L ′ for the map σ. Now consider the map
Then it follows that G is an injective A-module homomorphism. In fact, G is an isomorphism of A-modules. Define a 2-cochain Ω τ ∈ C 2 (L, M ) by the following expression;
for all x, y ∈ L. Here we have
(1) Ω τ is a skew-symmetric R-bilinear map and it satisfies Ω τ (a.x, y) = φ(a)Ω τ (x, y) for all x, y ∈ L, a ∈ A; (2) δ(Ω τ ) = 0, which follows using hom-Jacobi identity for
Note that if we take another section τ ′ : L → L ′ of σ. Then the resulting 2-cocycle Ω τ ′ is cohomologous to Ω τ . This follows from the fact that
In order to complete the proof, we need to show that for two equivalent A-split abelian extensions, the associated 2-cocycles are cohomologous.
Let
, and it is isomorphic to the extension:
is an isomorphism of these extensions, that is the following diagram commutes:
hLR (L, M ) because of the fact that τ ′ and τ ′′ , both are sections of σ ′ . Therefore, Ω τ and
Remark 5.6. Consider an A-split extension of a hom-Lie-Rinehart algebra (L, α) by a module (M, β):
If we fix a section τ for the map σ then we have an isomorphism of the underlying A-modules given by
Let us denote by notation (x, m) τ the inverse image of (x, m) under the isomorphism G, which is τ (x) + i(m). Then any X, Y ∈ L ′ can be written as X = (x, m) τ and Y = (y, n) τ for some x, y ∈ L and m, n ∈ M . Moreover, the Lie bracket on
In the next result we will present a characterisation of the first cohomology space H 1 hLR (L, M ) in terms of group of automorphisms of an A-split abelian extension.
Theorem 5.7. There is a one-to-one correspondence between the group of automorphisms of a given
be a hom-Lie-Rinehart algebra isomorphism which gives an automorphism of the extension
So we have the following commutative diagram:
Since the given short exact sequence is A-split, we have a section τ : (L, α) → (L ′ , α ′ ) (see Remark 2.12.) For the section τ , we get an isomorphism of underlying A-modules, say G :
Assume F 1 , F 2 are maps obtained by taking projections of the map G • F onto first and second components. Then
is an isomorphism of hom-Lie Rinehart algebras, i.e. we have
Using the Remark 5.6, we get δψ = 0. Therefore ψ is a 1-cocycle representing a cohomology
Note that the following identities are satisfied:
, which follows from the condition δψ(x, y) = 0. 
Remark 5.10. [3] ).
Proposition 5.11. There is a one-to-one correspondence between the equivalence classes of A-split central extensions
(M, β) i − −−− → (L ′ , α ′ ) σ − −−− → (L, α) of (L, α) by (M, β) := (A, M, [−, −] M ,
HOM-LIE-RINEHART ALGEBRAS ASSOCIATED TO POISSON ALGEBRA
Let A be an R-algebra and φ be an R-algebra automorphism. In Definition 2.11, the notion of φ-derivations of A into an A-module M is defined. Here, we define the universal property of φ-derivations and prove the existence of a universal φ-derivation for an R-algebra A with an R-algebra automorphism. The following definitions and results are obtained from the discussions in classical algebra with derivation (as in [13] ) and from the isomorphism of A-modules 
is an R-algebra homomorphism with
Proof. Let a, b ∈ A. From the definition ofd and π we get
Then for a ∈ A, we can write h(a) = (a, h 1 (a)) where
It follows that d is a φ-derivation and the mapd = h. 
A → M 2 are universal φ-derivations, then it follows that M 1 and M 2 are isomorphic as A-modules, so the universal φ-derivation of R-algebra A is unique up to isomorphism. Next, we describe the existence of such a universal φ-derivation. Let N be an A-module and δ : A → N be a φ-derivation. By Proposition 6.1, we have an Ralgebra homomorphismδ : A → A ⋉ N given byδ(a) = (a, δφ −1 (a)) for a ∈ A. If we consider the map i : A → A ⋉ N defined by i(a) = (a, 0), then we get an R-algebra homomorphism h :
for all a, b ∈ R. So, for x = φ(a) ⊗ 1 − 1 ⊗ φ(a) ∈ I, we have h(x) = (0, δ(a)). Thus h vanishes on I 2 ⊂ A ⊗ A. So it induces an A-module homomorphism, sayh : I/I 2 → N such thath(da) = δ(a) for all a ∈ A. Consequently, the map d : A → I/I 2 is a universal φ-derivation.
We now consider the A-module D φ A generated by the symbols da, for a ∈ A subject to the following relations:
for all a, b ∈ A, and λ, µ ∈ R. Then the map d : A → D 
Now consider a bilinear map
and define a linear mapα φ : 
As a result, the above discussion gives us a hom-Lie-Rinehart algebra structure on the A-module of φ-differentials. 
for all a, b, x, y ∈ A. 
Here, the map α φ is anchor map of the hom-Lie-Rinehart algebra (A,
A , the bracket in Theorem 6.5 can be rewritten as:
A to be the Lie derivative with respect to X ∈ Der φ (A) .
SPECIAL CASES OF HOM-LIE-RINEHART AND HOM-GERSTENHABER ALGEBRAS
We present a discussion on some special cases of hom-Lie-Rinehart algebra and hom-Gerstenhaber algebra, which show the wide interests and further application of these algebras.
7.1. Hom-Lie algebras: Considering a hom-Lie algebra in the category of hom-Lie-Rinehart algebras we get the following:
1. Deformation cohomology of a Hom-Lie algebra: Let us consider R to be a field. The hom-Lie algebra (L, [−, −], α) is a hom-Lie module over itself by adjoint action. Note that (L, [−, −], α) is also a hom-Lie-Rinehart algebra (Example 2.13) and a hom-Lie-Rinehart module over itself as the action on R is trivial. Then the cohomology H * hLR (L, L) is same as the deformation cohomology for a hom-Lie algebra defined in [1] .
2.Extensions of a Hom-Lie algebra: In Section 2.4, [7] , A construction of central extension of a Hom-Lie algebra is given. After constructing a certain q-deformation of the Witt algebra, Hartwig, Larsson, and Silvestrov used the machinery of Hom-Lie algebra extensions to construct a corresponding deformation of the Virasoro algebra in Section 4, [7] . In the classical case of Lie algebras, equivalence classes of abelian (and central) extensions are classified by the 2nd cohomology module [8] . For hom-Lie algebras, classification of split abelian extensions and central extension can be done by considering them in the category of hom-Lie-Rinehart algebras and then using Theorem 5.5 and Proposition 5. is same as the Lie-Rinehart algebra cochain complex except 0-cochains and for n ≥ 2 the n thcohomology space H n hLR (L, A) of (L, α) with coefficients in (A, φ) is same as the n th -cohomology space of Lie-Rinehart algebra with coefficients in the module A. Hence by Theorem 5.5, we get the characterisation of second Lie-Rinehart algebra cohomology space in terms of A-split abelian extensions, which is proved in Section 2, [9] . for all x ∈ ΓA, s ∈ ΓE and f ∈ C ∞ (M ).
If α = Id ΓA , and β = Id ΓE , then A is a Lie-algebroid and the triple (E → M, β, ∇ φ * ) is the usual representation of a Lie-algebroid on the vector bundle E → M . A coboundary operator for a hom-Lie algebroid with coefficients in it's representation on a vector bundle can be defined since any hom-Lie algebroid is a hom-Lie-Rinehart algebra. Now, let us first recall the definition of (σ, τ )-differential graded commutative algebra from [20] . 
